ON THE F-PURITY OF ISOLATED LOG CANONICAL 

SINGULARITIES 
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Abstract. A singularity in characteristic zero is said to be of dense F-pure type 
if its modulo p reduction is locally Frobenius split for infinitely many p. We prove 
that if a; G X is an isolated log canonical singularity with ^{x £ X) < 2 (see 
Definition 1.4 for the definition of the invariant /x), then it is of dense i^-pure 
type. As a corollary, we prove the equivalence of log canonicity and being of 
dense F-pure type in the case of three-dimensional isolated Q-Gorenstein normal 
singularities. 



Introduction 

A singularity in characteristic zero is said to be of dense F-pure type if its modulo 
p reduction is locally Frobenius split for infinitely many p. The notion of strongly 
F-regular type is a variant of dense F-pure type and defined similarly using the 
Frobenius morphism after reduction to characteristic p > (see Definition 2.4 for 
the precise definition). Recently it has turned out that they have a strong connec- 
tion to singularities associated to the minimal model program. In particular, Hara 
[11] proved that a normal Q-Gorenstein singularity in charscteristic zero is log ter- 
minal if and only if it is of strongly F-regular type. In this paper, as an analogous 
characterization for isolated log canonical singularities, we consider the following 
conjecture. 

Conjecture A„. Let x & X be an n- dimensional normal Q-Gorenstein singularity 
defined over an algebraically closed field k of characteristic zero such that x is an 
isolated non-log-terminal point of X . Then x & X is log canonical if and only if it 
is of dense F-pure. 

Hara-Watanabe [12] proved that normal Q-Gorenstein singularities of dense im- 
pure type are log canonical. Unfortunately, the converse implication is widely open 
and only a few special cases are known. For example, the two-dimensional case 
follows from the results of Mehta-Srinivas [20] and Hara [1(J], and the case of hy- 
persurface singularities whose defining polynomials are very general was proved by 
Hernandez [13]. This problem is now considered as one of the most important 
problems on F-singularities. Making use of recent progress on the minimal model 
program, we prove Conjecture A3. 

Let X G A be an n-dimensional isolated log canonical singularity defined over an 
algebraically closed field k of characteristic zero. We suppose that x e A is not log 
terminal and Kx is Cartier at x. Let / : F — t- A be a resolution of singularities 
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such that / is an isomorphism outside x and that Supp / ^(x) is a simple normal 
crossing divisor on X. Then we can write 

Ky = fKx + F-E, 

where E and F are effective divisors and have no common irreducible components. 
In [9], the first author defined the invariant G X) by 

IX = G X) = minjdim | is a stratum of E} 

and he showed that this invariant plays an important role in the study of x G X. 
Using his method (which is based on the minimal model program), we can check 
that any minimal stratum W of E is a. projective resolution of a /i- dimensional 
projective variety V with only rational singularities such that Ky is linearly trivial. 
Also, running a minimal model program with scaling (see [1] for the minimal model 
program with scaling), we show that H'^iV, Oy) can be viewed as the socle of the 
top local cohomology module H^{Ox) of x & X. 
Here we introduce the following conjecture. 

Conjecture B^. Let Z be a d- dimensional projective variety over an algebraically 
closed field of characteristic zero with only rational singularities such that Kz is lin- 
early trivial. Then the action induced by the Frobenius morphism on the cohomology 
group H'^{Zp, Ozp) of its modulo p reduction Zp is bijective for infinitely many p. 

Conjecture is open in general, but it follows from a combination of the results 
of Ogus [22], Bogomolov-Zarhin [2] and Joshi-Rajan [18] that Conjecture B^ holds 
true if d <2. 

Now we suppose that Conjecture B^ is true. Applying Conjecture B^ to V, we 
see that the Frobenius action on the cohomology group H^{Vp,Ovp) of modulo p 
reduction of is bijective for infinitely many p. On the other hand, by Matlis 
duality, the F-purity of modulo p reduction Xp & Xp of x E X is equivalent to the 
injectivity of the Frobenius action on H^^{Oxp)- This injectivity can be checked by 
the injectivity of the Frobenius action on its socle H^iVp, Ovp)- Thus, summing up 
the above, we conclude that x G X is of dense F-pure type. 

A similar argument works in more general settings and our main result is stated 
as follows. 

Main Theorem (=Theorem 3.4). Let x & X be a log canonical singularity defined 
over an algebraically closed field k of characteristic zero such that x is an isolated 
non-log-terminal point of X . If Conjecture B^ holds true where fi = fi{x G X), then 
X & X is of dense F-pure type. In particular, if fi{x G X) < 2, then x ^ X is of 
dense F-pure type. 

As a corollary of the above theorem, we show that Conjecture A„+i is equivalent to 
Conjecture B„ (Corollary 3.7). Since Conjecture B2 is known to be true. Conjecture 
A3 holds true. That is, log canonicity is equivalent to being of dense F-pure type in 
the case of three-dimensional isolated normal Q-Gorenstein singularities (Corollary 
3.8). 
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1. Preliminaries on log canonical singularities 

In this section, we work over an algebraically closed field of characteristic zero. 
We start with the definition of singularities of pairs. Let X be a normal variety and 
D be an effective Q-divisor on X such that Kx -|- -D is Q-Cartier. 

Definition 1.1. Let n : X —> X he a. birational morphism from a normal variety 
X. Then we can write 

= 7r*{Kx + D) + Y, X, D)E, 

E 

where E runs through all the distinct prime divisors on X and a{E, X, D) is a 
rational number. We say that the pair {X, D) is canonical (resp. pit, log canonical) 
ii a{E,X,D) > (resp. a{E,X,D) > -1, a{E,X,D) > -1) for every exceptional 
divisor E over X. U D = 0, we simply say that X has only canonical (resp. log 
terminal, log canonical) singularities. We say that {X, D) is dlt if {X, D) is log 
canonical and there exists a log resolution n : X ^ X such that a{E,X,D) > — 1 
for every vr-exceptional divisor E on X. Here, a log resolution vr : X — )■ X of {X, D) 
means that vr is a proper birational morphism, X is a smooth variety, Exc(7r) is a 
divisor and Exc(7r) U Supp 7t~^D is a simple normal crossing divisor. 

Definition 1.2. A subvariety of X is said to be a log canonical center for the 
log canonical pair (X, D) if there exist a proper birational morphism tt : X — X 
from a normal variety X and a prime divisor E on X with a{E,X,D) = — 1 such 
that Ti{E) = W. Then W is denoted by cx{E). 

Remark 1.3. Let (X, D) be a dlt pair. There then exists a log resolution / : F — )■ X 
such that / induces an isomorphism over the generic point of any log canonical 
center of (X, D) and a{E, X,D) > —1 for every /-exceptional divisor E. This is an 
immediate consequence of [24, Divisorial Log Terminal Theorem]. 

From now on, let X be a normal Q-Gorenstein algebraic variety and a; G X be 
a germ. The index of X at x is the smallest positive integer r such that rKx is 
Cartier at x. 

Definition 1.4. Let x G X be a log canonical singularity such that a; is a log 
canonical center. First we assume that the index of X at x is one. Take a projective 
birational morphism f : Y —> X from a smooth variety Y such that Supp /~^(x) 
and Exc(/) are simple normal crossing divisors. Then we can write 

Ky = rKx + E-E, 

where E and F are effective divisors on Y and have no common irreducible com- 
ponents. By assumption, E is a. reduced simple normal crossing divisor on Y. We 
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define G X) by 

fi{x G X) = mill { dim | is a stratum of E and f{W) = x}. 

Here we say a subvariety 14^ is a stratum oi E = Yliei if tliere exists a subset 
{ii, . . . C I such tliat W is an irreducible component of the intersection fl 
■ ■ ■ n Ei^,. This definition is independent of the choice of the resolution /. 

In general, we take an index one cover p : X' X with x' = p~^{x) to define 
H{x G X) by 

p{x eX) = p{x' G X'). 

Since the index one cover is unique up to etale isomorphisms, the above definition 
of G X) is well-defined. 

We will give in Section 4 a quick overview of the invariant p and some related 
topics for the reader's convenience. 

Remark 1.5. (1) The first author showed in [9, Theorem 5.5] that the invariant p 
coincides with Ishii's Hodge theoretic invariant (see [17] and [9, 5.1] for the defini- 
tion). 

(2) By the main result of [1], the index of a; G X is bounded if p{x G X) < 2. 
The reader is referred to [ 1] for the precise values of indices. 

In order to prove the main result of this paper, we use the notion of dlt blow-ups, 
which was first introduced by Christopher Hacon. 

Lemma 1.6 (cf. [9, Lemma 2.9] and [7, Section 4]). Let X be a log canonical variety 
of index one such that X is quasi-projective, x is an isolated non-log-terminal point 
of X, and that X is canonical outside x. Then there exists a projective birational 
morphism g : Z X such that Kz + D = g*Kx with D a reduced divisor on Z , the 
pair {Z,D) is a Q-factorial dlt pair and g is a small morphism outside x. 

Lemma 1.7. In Lemma 1.6, Z has only canonical singularities. 

Proof. If a{E,Z,D) > —1, then a{E,Z,D) > because Kz + -D is Cartier. Since 
Kz is Q-Cartier and D is an effective divisor on Z, one has a{E, Z, 0) > 0. If 
a{E, Z, D) = —1, then we may assume that Z is a smooth variety and D is a reduced 
simple normal crossing divisor on Z by shrinking Z around the log canonical center 
cz{E). In this case, a{E, Z, 0) > 0. Thus, Z has only canonical singularities. □ 

2. Preliminaries on F-pure singularities 

In this section, we briefly review the deflnition of F-pure singularities and its 
properties which we will need later. 

Definition 2.1 ([16], [14]). Let x G X be a point of an F-flnite integral scheme X 
of characteristic p > 0. 

(i) X G X is said to be F-pure if the Frobenius map 

F : Ox,. F,Ox,. a^aP 
splits as an (9x,z-niodule homomorphism. 
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(ii) X G X is said to be strongly F -regular if for every nonzero c G Ox,x, there 
exists an integer e > 1 such that 

cF' : Ox,x ^ F:Ox,x a^ca^' 
sphts as an Ox,x-T^odnle homomorphism. 

Remark 2.2. Strong F-regularity imphes F-purity. 

The following criterion for F-purity is well-known to experts, but we include it 
here for the reader's convenience. 

Lemma 2.3 (cf. [16]). Let x E X he a closed point with index one of an n- 
dimensional F -finite integral scheme X. Then x E X is F-pure if and only if 
F[z) 7^ 0, where F is the natural Frohenius action on H!^{Ox) o-nd z is a generator 
of the socle (0 : m^)/^n(c,_^). 

Proof. First note that HJ^{Ox) is isomorphic to the injective hull of the residue field 
Ox,x/^x, because Ox,x is quasi-Gorenstein. By definition, x E X is F-pure if and 
only if 

F^ : Eomo^jF,Ox,x,Ox,x) ^ iiomo^JOx,x,Ox,x) = Ox,x 
is surjective. F^ is the Matlis dual of the natural Frobenius action F on H'^iOx), 
so the surjectivity of F^ is equivalent to the injectivity of F. Since H'^iOx) is 
an essential extension of the socle (0 : vi\.x)H^(Ox)^ ^ injective if and only if 
F|(o:m^)^n(o^) is injective. Finally, the latter condition is equivalent to saying that 
F{z) 7^ 0, because the socle (0 : vi\.x)H^[Ox) a one-dimensional Ox,x/Tna;- vector 
space. □ 

We define the notion of F-purity and strong F-regularity in characteristic zero, 
using reduction from characteristic zero to positive characteristic. 

Definition 2.4. Let x G X be a point of a scheme of finite type over a field k of 
characteristic zero. Choosing a suitable finitely generated Z-subalgebra A C /c, we 
can construct a (non-closed) point xa of a scheme Xa of finite type over A such that 
{Xa,xa) X Spec a k = (X, x). By the generic freeness, we may assume that Xa and 
Xa are fiat over Spec A. We refer to xa G Xa as a model of x G X over A. Given a 
closed point s G Spec A, we denote by Xs G X^ the fiber of x G X over s. Then X^ 
is a scheme defined over the residue field k{s) of s, which is a finite field. The reader 
is referred to [15, Chapter 2] and [21, Section 3.2] for more detail on reduction from 
characteristic zero to characteristic p. 

(i) X G X is said to be of strongly F-regular type if there exists a model of 
X G X over a finitely generated Z-subalgebra A oik and a dense open subset 
5* C Spec A such that Xg G X^ is strongly F-regular for all closed points 

seS. 

(ii) X G X is said to be of dense F-pure type if there exists a model of x G X 
over a finitely generated Z-subalgebra A oi k and a dense subset of closed 
points S C Spec A such that x^ G X^ is F-pure for all s G 5*. 

Remark 2.5. The definitions of strongly F-regular type and dense F-pure type are 
independent of the choice of a model. 
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Theorem 2.6 ([11, Theorem 5.2]). Let x & X be a normal Q-Gorenstein singularity 
defined over a field of characteristic zero. Then x & X is log terminal if and only if 
it is of strongly F -regular type. 

In this paper, we will discuss an analogous statement for log canonical singulari- 
ties. Especially, we will consider the following conjecture. 

Conjecture A„. Let x & X he an n-dimensional normal Q-Gorenstein singularity 
defined over an algebraically closed field k of characteristic zero such that x is an 
isolated non-log-terminal point of X . Then x E X is log canonical if and only if it 
is of dense F-pure. 

Remark 2.7. Conjecture A„ is known to be true when n = 2 (see [10], [20] and 
[27]) or when x E X is a. hypersurface singularity whose defining polynomial is very 
general (see [13]). The reader is referred to [25, Remark 2.6] for more detail. 

Definition 2.8. Let X be an F-finite scheme of characteristic p > 0. If X = Spec R 
is affine, we denote by R[F] the ring 

R\F] = 
^ J (^rPF -Fr\reR) 

which is obtained from R by adjoining a non-commutative variable F subject to the 
relation r^F = Fr for all r E R. For a general scheme X, we denote by (!?x[-^] the 
sheaf of rings obtained by gluing the respective rings Ox{Ui)[F] over an affine open 
cover X = \J^Ui. 

Example 2.9. (1) Let / : F — X be a morphism of schemes over an F-finite affine 
scheme Z. Then for all z > 0, H'{X, Ox) and H'{Y, Oy) each has a natural Oz[F]- 
module structure and / induces an C^[F]-module homomorphism : H^{X, Ox) 

WiY.Oy). 

(2) Let y be a closed subscheme of a scheme X over an F-finite affine scheme Z. 
Then for all i > 0, we have the following natural exact sequence of (9^[F]-modules 

■ ■ ■ ^ Wy{X, Ox) ^ H\X, Ox) ^ H\X \ r. Ox) ^ Hi;\X, Ox)^--- ■ 

(3) Let X be a scheme over an F-finite affine scheme Z and Yi, I2 ^ be closed 
subschemes. Let Y denote the scheme-theoretic union of Yi and Y2. Then for all 
i > 0, the Mayer-Vietoris exact sequence 

• • • ^ H\Y, Oy) ^ H\Y^, Oy,) © H\Y2, Oy,) -> H\Y^ n F^, ^nnyj 

^ E'^^iy.Oy) ^ ■■• 

becomes an exact sequence of Cz[F]-modules. 

Proof. The proof is immediate from the fact that every cohomology module in Ex- 
ample 2.9 can be computed from the Cech complex. □ 

The following proposition is a key to prove the main result of this paper. 

Proposition 2.10. Let x E X be an n-dimensional normal singularity with index 
one defined over an algebraically closed field k of characteristic zero. Let g : Z ^ X 
be a projective birational morphism and D be a reduced Q-Cartier divisor on Z 
satisfying the following properties: 
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(1) Z has only rational singularities, 

(2) Kz + D^g 0, 

(3) g\z\D '■ Z \ D ^ X \ {x} is an isomorphism, 

(4) Supp -D = Supp (^"^(x), 

Then x & X is of dense F-pure type if and only if given a model of D over a finitely 
generated Z-subalgebra A of k, there exists a dense subset S C Spec A such that the 
action of Frobenius on H'^^^^Dg, OoJ is bijective for every closed point s & S. 

Proof Without loss of generality, we may assume that X is affine. Suppose given a 
model of {x G X, Z, D, g) over a finitely generated Z-subalgebra A of k. 

First we will show that enlarging A if necessary, we can view H"'~^{Zs,OzJ as 
an OxJ-^]-submodule of H^_^{OxJ for all closed points s G Spec A. Since f\z\D '■ 
Z \ D ^ X \ {x} is an isomorphism, we have natural isomorphisms 

H'^-'iZ \ D, Oz) = \ {x}. Ox) = Hl{Ox). 

On the other hand, we have the natural exact sequence 

Hl-\Z, Oz) ^ Oz) ^ H''^\Z \ D, Oz) 

and H^^{Z^ Oz) = by the dual form of Grauert-Riemenschneider vanishing the- 
orem (see, for example, [6, Lemma 4.19 and Remark 4.20]). Hence we can view 
H^'-^Z, Oz) as an Cx-submodule of H;^{Ox). By Example 2.9 (1), (2), after pos- 
sibly enlarging A, we may assume that H"'~^{Zs,OzJ is an [-^]-submodule of 
H'^^iOx^) for all closed points s G Spec A. 
Next we will show that we may assume that 

H"'-\Zs,Oz,) = H''-\D,,Od:) 

as an [-^]- module homomorphism for all closed points s G Spec A. The short 
exact sequence Oz{—D) — )> Oz Ojj — )► induces the exact sequence 

Oz{-D)) H''-\Z, Oz) H'''\D, Od) ^ Oz{-D)) = 

of Ox-modules. It follows from the Grauert-Riemenschneider vanishing theorem 
that m-\Z,Oz{-D)) = H^'-^Z^OziKz)) = 0, so we have an Cx-module iso- 
morphism H"'~^{Z, Oz) = H^~^{D, Od)- By Example 2.9 (1), after possibly enlarg- 
ing A, we may assume that //""^(Z^C^J ^ //"-^(D,, C^jJ as an Cxji^]- module 
homomorphism for all closed points s G Spec A. 

Finally, we will check that H'^"^{Ds, O^J is the socle of the Ox^ a;jF]-module of 
H^iOxJ. Since 

■ Oz) = H\Z, Oz{-D)) ■ H^~\Z, Oz) C //"-^(Z, Oz{-D)) = 0, 

H''-^{D,Od) = H''~\Z,Oz) is contained in the socle of H^{Ox). Let cod be the 
dualizing sheaf of D. Then we obtain un ~ Oz{Kz + D) ^ Od since Kz -|- il* is 
Cartier. Therefore, ud — On because Kz + D and g{D) = x. By Serre duality 
(which holds for top cohomology groups even if the variety is not Cohen-Macaulay) , 
one has dimk H''~\D , O d) = 1, because H%D,ud) = H^{D,Od) = k. The socle 
of H'^iOx) is the one-dimensional fc-vector space, so it coincides with H^~^{D, Od)- 
By the above argument, the bijectivity of the Frobenius action on H"~^{Ds, Od^) 
means that the restriction of the Frobenius action on H^^{Oxs) its socle is injec- 
tive. This condition is equivalent to saying that Xs is F-pure by Lemma 2.3. Thus, 
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Xs G Xg is of dense F-pure type if and only if there exists a dense subset of closed 
points S C Spec A such that the Frobenius action on H"'~^{Ds, O^J is bijective for 
all s e 5. ' □ 

3. Main result 

In order to state our main result, we introduce the following conjecture. 

Conjecture B„. Let V be an n- dimensional projective variety over an algebraically 
closed field k of characteristic zero with only rational singularities such that Ky 
is linearly trivial. Given a model of V over a finitely generated 'L-subalgehra A of 
k, there exists a dense subset of closed points S C Spec A such that the natural 
Frobenius action on H'^{Vs, OyJ is bijective for every s G S*. 

Remark 3.1. (1) An affirmative answer to [21, Conjecture 1.1] implies an affirmative 
answer to Conjecture B„. Indeed, take a resolution of singularities ti : V ^ V. 
Since V has only rational singularities, vr induces the isomorphism H'^{V, Oy) = 
H"'{V,Oy). Suppose given a model of vr over a finitely generated Z-subalgebra A 
of k. If [21, Conjecture 1.1] holds true, then there exists a dense subset of closed 
points S C Spec A such that the Frobenius action on i7"(V^,CyJ is bijective for 

every s G S*. Since we may assume that H"'{Vs,OyJ = H^iVs^Oy) as k{s)[F]- 
modules for all s G S* by Example 2.9 (1), we obtain the assertion. 

(2) Let W be an n-dimensional smooth projective variety defined over a perfect 
field of characteristic p > 0. If is ordinary (in the sense of Bloch-Kato), then the 
natural Frobenius action on H"-(W, Ow) is bijective (see [21, Remark 5.1]). If W is 
an abelian variety or a curve, then the converse implication also holds true (see [21, 
Examples 5.4 and 5.5]). 

Lemma 3.2. Conjecture B„_|_i implies Conjecture B„. 

Proof. Let V be an n-dimensional projective variety over an algebraically closed 
field k of characteristic zero with only rational singularities such that Ky is linearly 
trivial. Let C be an elliptic curve over fc, and denote W = V x C. We suppose 
given a model of (V^, C, W) over a finitely generated Z-subalgebra A of k. Applying 
Conjecture B„+i to W, we can take a dense subset of closed points S C Spec A such 
that the Frobenius action on 

H-+\Ws, OwJ = H^iVs, OyJ ® H\C,, OcJ 

is bijective for every s G S*. This implies that the Frobenius action on H'^{Vs, OyJ 
is bijective for every s E S. □ 

Lemma 3.3. Conjecture B„ holds true if n <2. 

Proof. By an argument similar to the proof of [21, Proposition 5.3], we may assume 
that A; = Q without loss of generality. By Lemma 3.2, it suffices to consider the case 
when n = 2.^ ^ 

Let n : X X he a. minimal resolution. X is an abelian surface or a K3 
surface. Suppose given a model of vr over a finitely generated Z-subalgebra A of 
k. Then there exists a dense subset of closed points S C Spec A such that the 
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Frobenius action on H'^{Xs,Oj^ ) is bijective for every s E S (the abelian surface 
case follows from a result of Ogus [22] and the K3 surface case follows from a result 
of Bogomolov-Zarhin [2] or that of Joshi and Rajan [18]). Since X has only rational 
singularities, by Example 2.9 (1), we may assume that H'^{Xs, CxJ — H'^i^s, ^xj 
as K(s)[F]-modules for all s E S. Thus, we obtain the assertion. □ 

Our main result is stated as follows. 

Theorem 3.4. Let x E X be a log canonical singularity defined over an algebraically 
closed field k of characteristic zero such that x is an isolated non-log-terminal point 
of X . If Conjecture holds true where /i = G X), then x E X is of dense 
F-pure type. In particular, if [x{x G X) < 1, then x E X is of dense F-pure type. 

We need the following proposition for the proof of Theorem 3.4. 

Proposition 3.5. Let x E X be an n- dimensional log canonical singularity defined 
over an algebraically closed field k of characteristic zero. Suppose that the index 
of X at X is one and that x is an isolated non-log-terminal point of X . Let g : 
(Z, D) ^ X be a dlt blow-up as in Lemma 1.6. Then there exists a birational model 
g : {Z, D) — 7- X of g which satisfies the following properties: 

(1) Z has only canonical singularities, 

(2) + D is linearly trivial over X , 

(3) 9\z\D '■ Z \ D ^ X \ {x} is an isomorphism. 

(4) Supp -D = Supp5i^~^(x), 

(5) given models of D and D over a finitely generated "L-subalgebra A of k, 
enlarging A if necessary, we may assume that 

as K,{s)[F]-modules for all closed points s E Spec A. 

Proof. We may assume that X is affine and Kx is Cartier. We run a K^-minimal 
model program over X with scaling (see [1] for the minimal model program with 
scaling). Then we obtain a sequence of divisorial contractions and flips: 

„ ^ 00 (/-l 4>k-2 <t>k-l 

Z^=Zo ^Zi >- ^^k-i ^Zfc^Z' 

J J J J 
D=Do ^Dk-i ^Dk=D' 

such that Kz' is nef over X. Suppose given a model of the above sequence over a 
finitely generated Z-subalgebra A of k. 

Claim 1. Assume that (pi : Zi Zj+i is a flip. Enlarging A if necessary, we may 
assume that 

as CxJ-^] -modules for all j and all closed points s E Spec A. 
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Proof of Claim 1. We consider the following flipping diagram: 

Zi ^ Zi^i 

Enlarging A if necessary, we may assume that a model of the above diagram over 
A is given. Note that Kz^ + -Dj ^^p^ and -ft'zi+i + -Dj+i 0. Then we have the 

following exact sequences: 

^ Oz^^AKz.^J ^Oz^^, ^ ^ 0. 

We put Ci = ipi{Di) = ipi+i{Di) C Wi. Since Zi, Zj+i and Wi each has only rational 
singularities, by the Grauert-Riemenschneider vanishing theorem, one has 

in the derived category of coherent sheaves on Ci. Therefore, il^i and ipi+i induce 
the isomorphisms 

for all j. By Example 2.9 (1), after possibly enlarging A, we may assume that 

as Ox,, [-F]-modules for all closed points s G Spec A. □ 

Claim 2. Assume that (pi : Zi --->■ Zj+i is a divisorial contraction. Enlarging A if 
necessary, we may assume that 



hi,s; 



H^{D,^,OnJ=H^{Di^i,s,On,^ 
as CxJ-^] -modules for all j and all closed points s G Spec A. 

Proof of Claim 2. Let E be the 0j-exceptional prime divisor on Zi. First we will 
check that (piiDi) = -Dj+i. It is obvious when E is not an irreducible component 
of Di, so we consider the case when E is an irreducible component of -Dj. Since 
Kz^ + Di and -R'zi+i + -Dj+i both are linearly trivial over X, we have 

irz, + A = 0*(i^z,+,+A+i). 

Hence 4>i{E) is a log canonical center of the pair Each Zi has only 

canonical singularities, because Z has only canonical singularities by Lemma 1.7 
and we run a i^z-niinimal model program. Thus, 4>i{E) has to be contained in 
A+ij which implies that 4>i{Di) = A+i- 

By an argument analogous to the proof of Claim 1 (that is, by the Grauert- 
Riemenschneider vanishing theorem), we have Ti(j)i^ODi — ^^e derived 
category of coherent sheaves on -Dj+i. Therefore, (pi induces the isomorphism 
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for all j. By Example 2.9 (1), after possibly enlarging A, we may assume that 

as [-F]-modules for all s G Spec A. □ 

Let g' : {Z', D') — )■ X be the output of the minimal model program. By the base 
point free theorem, we obtain the following diagram 



{Z'^D') ^{Z,D) 




X 

such that Z is the canonical model of Z' over X and that 

Kz' + D' = Tx*{K^ + b). 

Enlarging A if necessary, we may assume that a model of the above diagram over 
A is given. By an argument similar to the proof of Claim 2, we can check that 
7r{D') = D and Rvr^O/)/ = Oj^ in the derived category of coherent sheaves on D. 
Thus, vr induces the isomorphism 

By Example 2.9 (1), after possibly enlarging A, we may assume that 



as [F]-modules for all closed points s G Spec A. 

Summing up the above arguments, we know that g : {Z, D) X has the following 
properties: 

(i) Z has only canonical singularities, 

(ii) K^ + D^gO, 

(iii) is (/-ample, 

(iv) H''-^{Ds, OdJ = H'-'-^Ds, O^J for all closed points s E Spec A. 

Since —D is s'-ample by (i) and (ii), one has SuppD = Supp5'~^(x). Therefore, it 
remains to show that g is an isomorphism outside x. Note that X \{x} has only 
canonical singularities. Then we can write 

Kz\D = 9*Kx\{x} + F, 

where F is a ^^-exceptional effective Q-divisor on Z \ D. Since K^^^^ is ^f-ample, 
one has F = 0. Again, by the ^-ampleness of Kz\d^ birational morphism 
g : X \ D X \ {x} has to be finite, that is, an isomorphism. □ 
Now we start the proof of Theorem 3.4. 

Proof of Theorem 3.4- Since F-purity and log canonicity are preserved under index 
one covers (see [26] for F-purity and [19, Proposition 5.20] for log canonicity), we 
may assume that the index of X at x is one. We can also assume that X is affine 
and Kx is Cartier. 
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By Lemma 1.6, there exists a birational projective morphism g : Z ^ X and a 
reduced divisor D on Z such that Kz+D = g*Kx, {Z, D) is a Q-factorial dlt pair and 
g is a. small morphism outside x. By Remark 1.3, there exists a projective birational 
morphism h : Y ^ Z from a smooth variety Y with the following properties: 

(1) Exc{h) and Exc{h) U Supp/i~^D are simple normal crossing divisors on Y, 

(2) h is an isomorphism over the generic point of any log canonical center of the 
pair (Z, D), 

(3) a{E, Z,D) > —1 for every /i-exceptional divisor E. 
Then we can write 

Ky = h*{Kz + D) + F - E, 

where E and F are effective divisors on Y which have no common irreducible com- 
ponents. By the construction of h, E is a reduced simple normal crossing divisor 
on Y and E = h~^D. It follows from [6, Corollary 4.15] or ['), Corollary 2.5] that 
Hh^OE = in the derived category of coherent sheaves on D. Therefore, we have 
the isomorphism 

for every i. Suppose given models of D and E over a finitely generated Z-subalgebra 
A oi k. By Example 2.9 (1), after possibly enlarging A, we may assume that 

H\Es,OeJ = H\Ds,Od^) 

as OxJ-P']-niodules for all closed points s G Spec A. 

Let IV be a minimal stratum of a simple normal crossing variety E. By an 
argument similar to [9, 4.11] (see also Section 4), one has dimlV = /x. Since Kz + D 
is linearly trivial over X and D is a ^f-exceptional divisor on Z, by the adjunction 
formula, one has Kd ~ 0. We also note that D is sdlt (see [3, Definition 1.1] for the 
definition of sdlt varieties). Applying [9, Remark 5.3] to h : E D, we obtain the 
following claim. 

Claim. Suppose that models of W and E over A are given. Then after possibly 
enlarging A, we may assume that 

H^~\E,,OeJ = H^{Ws,OwJ 
as [-F]-modules for all closed points s G Spec A. 

Proof of Claim. It follows from [9, Theorem 5.2 and Remark 5.3] that 

Hf^iW, Ow) = ... = H''~\E, Oe), 

where each isomorphism is the connecting homomorphism of a suitable Mayer- 
Vietoris exact sequence. Then by Example 2.9 (3), after possibly enlarging A, we 
may assume that 

H^-\E,, OeJ = ■■■ = H>^{Ws, OwJ 
as [F]-modules for all closed points s G Spec A. □ 

Let V = h{W) C D. Then is a minimal log canonical center of the pair {Z, D). 
On the other hand, by adjunction formula for dlt pairs, we obtain Ky = {Kz + 
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D)\y ~ 0. Thus, V has only Gorenstein rational singularities. Since h : W ^ V is 
birational by the construction of h, one has the isomorphism 

Suppose models of W and V are given over A. By Example 2.9 (1), after possibly 
enlarging A, we may assume that 

as Ox^ [F]-modules for all closed points s G Spec A. 

Now we sum up the above arguments together with Proposition 3.5 (we use the 
same notation as in Proposition 3.5). Suppose given models of D and V over a 
finitely generated Z-subalgebra A of k. Then after possibly enlarging A, we may 
assume that _ 

as [-^]-modules for all closed points s G Spec A. It follows from an application 
of Conjecture to V that there exists a dense subset of closed points S C Spec A 
such that the natural Frobenius action on H^{Vs,Ovs) is bijective for all s E S. 
Then the Frobenius action on H"'~^{Ds,Oj=) ) is also bijective for all closed points 
s E S, which implies by Proposition 2.10 that x G X is of dense F-pure type. □ 

Remark 3.6. Let / : F — )■ X be any resolution as in Definition 1.4. By the uniqueness 
of the relative canonical model, we have 

Z = Pro] ^f^OyimKy) 

m>0 

over X. Unfortunately, by this construction, it is not clear how to relate the coho- 
mology group H'^"^{Ds, OnJ to H"-~^{Ds, Oj^J. Moreover, the relationship between 

D and a minimal stratum of E in Definition 1.4 is also not clear. Therefore, we take 
a dlt blow-up and run a minimal model program with scaling to construct Z. 

Corollary 3.7. Conjecture A„+i is equivalent to Conjecture B„. 

Proof. First we will show that Conjecture B„ implies Conjecture A„+i. Let x G X be 
an (?7, + l)-dimensional normal Q-Gorenstein singularity defined over an algebraically 
closed field k of characteristic zero such that x is an isolated non-log-terminal point 
of X. If X G X is of dense F-pure type, then by [12, Theorem 3.9], it is log 
canonical. Conversely, suppose that x G X is a log canonical singularity. Since 
/i := fi{x G X) < dimX — 1 = n, hj Lemma 3.2, Conjecture B^ holds true. It then 
follows from Theorem 3.4 that x G X is of dense F-pure type. 

Next we will prove that Conjecture A„+i implies Conjecture B„. Let V be an 
n-dimensional projective variety over an algebraically closed field k of characteristic 
zero with only rational singularities such that Ky ~ 0. Take any ample Cartier 
divisor DonV and consider its section ring R = R{V, D) = 0„>o H^{V, Ov{mD)). 
By [23, Proposition 5.4], the affine cone Speci? of V has only quasi- Gorenstein 
log canonical singularities and its vertex is an isolated non-log-terminal point of 
Speci?. It then follows from Conjecture A„+i that given a model of (y,D,R) over 
a finitely generated Z-subalgebra A of k, there exists a dense subset of closed points 
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S C Spec A such that Spec Rg is F-pure for all s G S*. Note that after replacing S 
by a smaller dense subset if necessary, we may assume that Rg = R{Vs,Ds) for all 
s G S*. Since Spec Rg is F-pure, the natural Frobenius action on the local cohomology 
module H^'^^^Rg) is injective, where rri/j^ = Oy^ (mD^)) is the unique 

homogeneous maximal ideal of Rg. Then the Frobenius action on H^iVgyOvs) is 
also injective, because C^yJ is the degree zero part of H'!^{Rg). □ 

Since Conjecture B2 is known to be true (see Lemma 3.3), Conjecture A3 holds 
true. 

Corollary 3.8. Let x & X be a three-dimensional normal Q-Gorenstein singularity 
defined over an algebraically closed field of characteristic zero such that x is an 
isolated non-log-terminal point of X . Then x E X is log canonical if and only if it 
is of dense F-pure type. 

4. Appendix: A quick review of [ ] and [9] 

In this appendix, we quickly review the invariant /i and related topics in [4] 
and [9] for the reader's convenience. After [1] was written, the minimal model 
program has developed drastically (cf. [1]). In [9], we only treat isolated log canonical 
singularities. Here, we survey the basic properties of fi and some related results in 
the framework of [9]. For the details, see [1] and [9]. 

Let X be a quasi-projective log canonical variety defined over an algebraically 
closed field k of characteristic zero with index one. Assume that x G X is a log 
canonical center. Let / : F — )■ X be a projective birational morphism from a 
smooth variety Y such that 

Ky = f*Kx + F-E 

where E and F are effective Cartier divisors on Y and have no common irreducible 
components. We further assume that f~^{x) and Supp(-E + F) are simple normal 
crossing divisors on Y. Let E = Ylii^i be the irreducible decomposition. Note 
that F is a reduced simple normal crossing divisor on Y. We put 

J = {tel\ f{E,) =x}cl 

and 

ieJ 

Then, by [8, Proposition 8.2], we obtain 

In particular, G is connected. We apply a {Ky + -E')-minimal model program with 
scaling over X (cf. [1] and [7, Section 4]). Then we obtain a projective birational 
morphism 

f -.Y' ^X 

such that (Y', E') is a Q-factorial dlt pair and that Ky + E' = f'*Kx where E' is 
the pushforward of E on Y'. It is a dlt blow-up of X (cf. Lemma 1.6). Note that 
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each step of the minimal model program is an isomorphism at the generic point of 
any log canonical center of {Y, E) because 

Ky + E = + F. 

Therefore, we obtain 

fi{x G X) = minjdimH^I is a log canonical center of {Y', E') with f'{W) = x}. 
By the proof of [8, Theorem 10.5 (iv)], we have 

nOo' = nix) 

where G' is the pushforward of G on Y'. In particular, G' is connected. By applying 
[9, Proposition 3.3] to each irreducible component of G', we can check that if W is 
a minimal log canonical center of [Y', E') with f'iW) = x then dimly = fi{x G X). 
By this observation, every minimal stratum of E which is mapped to x by / is 
fi{x G X)-dimensional and n{x G X) is independent of the choice of the resolution 
/ (cf. [9, 4.11]), that is, G X) is well-defined. 

Let Wi and W2 be any minimal log canonical centers of (Y', E') such that f'{Wi) = 
/'(W^2) = X. Then we can check that Wi is birationally equivalent to W2 (cf. [9, 
Proposition 3.3]). Therefore, all the minimal stratum of E mapped to x by / are 
birational each other. More precisely, we can take a common resolution 



W 






such that a\Kw^ = a^Kw^ (cf. [9, Proposition 3.3]). 

By the adjunction formula for dlt pairs (cf. [5, Proposition 3.9.2]), we can check 
that 

Kw = {Ky' + E')\w ~ 

and that W has only canonical Gorenstein singularities if is a minimal log canon- 
ical center of (F', E') with f{W) = x. 

Let V be any minimal stratum of E. Then we can prove that 

H^{V,Ov) ^ H''-\E,Oe) 

when f{E) = x, equivalently, x G X is an isolated non-log-terminal point, where 
H = ix{x G X) and n = dimX. The isomorphism 5 is a composition of connecting 
homomorphisms of suitable Mayer- Vietoris exact sequences. For the details, see [9, 
Section 5]. Although we assume that the base field is C and use the theory of mixed 
Hodge structures in [9], the above isomorphism holds over an arbitrary algebraically 
closed field k of characteristic zero by the Lefschetz principle. 
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